Introduction
In 1962, Obata [O] proved the following rigidity theorem characterizing the standard sphere: A complete manifold (M, g) admits non-constant function f satisfying the Obata equation
if and only if (M, g) is isometric to the standard sphere and f is one of the coordinate functions up to a constant multiple. Obata's rigidity theorem can be used to characterize the equality case of Lichnerowicz's eigenvalue estimate. In [L] , Lichnerowicz has shown that on a compact manifold (M, g) with Ric g ≥ n − 1, the first non-zero eigenvalue λ 1 of the Laplacian is not less than n. While λ 1 = n, (M, g) is isometric to the standard sphere. Lichnerowicz type eigenvalue estimate was generalized to manifolds with boundary. Reilly [R] showed if Ric g ≥ n − 1 and the boundary is mean convex, then the first eigenvalue µ 1 of the Laplacian with the Dirichlet boundary condition is not less than n. Moreover, µ 1 = n if and only if (M, g) is isometric to the standard hemisphere. Escobar [E] and Xia [X] independently proved that the first eigenvalue η 1 of the Laplacian with the Neumann boundary condition satisfies η 1 ≥ n under the assumption that Ric g ≥ n − 1 and the boundary is convex. The equality holds if and only if (M, g) is isometric to the standard hemisphere. The analysis of both equality cases reduces to the study of the Obata equation subject to the Dirichlet boundary condition and the Neumann boundary condition respectively.
It is then natural to consider the Obata equation with the Robin boundary condition on manifolds with boundary:
(1.1) ∇ 2 f + f g = 0 in M ,
where ν is the outward unit normal on ∂M and a is a nonzero constant. This is the primary goal of this paper. Before getting into the complete discussion, let us first introduce some standard models (M, g) on which (1.1) admits nontrivial solutions. where ν 1 , ν 2 are the outward unit normals on boundaries of M 1 and M 2 respectively. For simplicity, we shall use D m (θ) to denote all domains only differing from it by a rotation around y n+1 .
Figure 1. Two models
The starting point is the following observation regarding ∂M : Theorem 1. Let (M, g) be a smooth connected compact Riemannian manifold with boundary (∂M,ḡ), suppose f ∈ C ∞ (M ) is a non-constant function satisfying (1.1). Then the principal curvatures of ∂M are constant and take at most two distinct values: −a and 1/a. For each connected component S ⊂ ∂M , there exists an integer m = m(S) ∈ [0, n − 1] such that the multiplicity of 1/a is m and the multiplicity of −a is n − 1 − m. Moreover, m = n − 1 if and only if f | S is constant. For m < n − 1, let Σ ± = {q ∈ S : ±f (q) = max p∈S f (p)}, S ± = {p ∈ S : ±f (p) ≥ 0}.
Then
(i) Σ ± is a totally geodesic submanifold of S with dimΣ ± = m and S ± is a disk bundle over Σ ± with each fibre diffeomorphic to B n−m−1 ; (ii) if m = 0, then (S,ḡ) is isometric to S n−1 (1/ √ 1 + a 2 ), the round sphere of radius 1/ √ 1 + a 2 ; (iii) if m < n − 2 (n ≥ 3), then Σ ± is connected.
With notations as above, we state the rigidity theorem for a > 0.
Theorem 2 (a > 0). Let (M, g) be a smooth connected compact Riemannian manifold with boundary (∂M,ḡ), suppose f ∈ C ∞ (M ) is a non-constant function satisfying (1.1) with a = cot θ > 0, θ ∈ (0, π/2).
We have the following characterization:
(i) If f | ∂M is constant, then ∂M is connected and (M, g) is a spherical cap with radius π/2 − θ. (ii) If f | ∂M is not constant, then for each connected boundary component S, we have m = m(S) < n − 1. In this case, one of the following holds: (a) If n ≥ 3 and m(S) < n−2 for all boundary components, then (M, g) is isometric to a spherical domain:
where l is the number of boundary components. (b) If n ≥ 3 and there exists some connected boundary component S such that m(S) = n − 2, then any other connected boundary component S (if exists) must be isometric to S n−1 (sin θ) with constant principal curvature −a. After gluing spherical caps D 0 (θ) at all such S , we obtain a manifold with boundary ( M , g), which is diffeomorphic to B n−1 × S 1 . Moreover, ( M , g) is a k-fold isometric covering of S n \ D n−2 (θ) B n−1 × S 1 , where k corresponds to the number of connected components of S + . (c) If n = 2, then (M, g) is a surface of constant Gaussian curvature 1 with boundary of constant geodesic curvature −a. Moreover, each boundary component S is a circle of length of 2πk sin θ, where k = k(S) is the number of connected components of S + , which may vary for different components.
Here is an illustration of an 8-fold covering in (ii.b).
Ren-Xu [RX] obtained a Lichnerowicz type estimate for the first non-zero eigenvalue of the Laplacian with the Robin boundary condition on manifolds with Ric g ≥ n − 1. As an application of Theorem 2, we characterize the equality case of their estimates. Corollary 1. Let (M, g) be a compact manifold with boundary, suppose Ric g ≥ (n−1)g and the second fundamental form h ≥ −2ag (a > 0) with the mean curvature H ≥ (n − 1)/a. Let ξ 1 be the first eigenvalue of the Laplacian with Robin boundary condition ∆f + ξ 1 f = 0, in M , ∂f ∂ν + af = 0, on ∂M .
Then ξ 1 ≥ n and the equality holds if and only if (M, g) is isometric to a spherical cap.
For a < 0, we have Theorem 3 (a < 0). Let (M, g) be a smooth connected compact Riemannian manifold with boundary, assume f ∈ C ∞ (M ) is a non-constant function satisfying equation (1.1) with a = cot θ < 0, θ ∈ (π/2, π).
Denote M 0 = {p ∈ M : f (p) = 0} andg 0 = g| M 0 . Then (i) If m(S) = n − 1 for some boundary component S and ∂M is connected, then (M, g) is a large spherical cap with radius 3π/2 − θ. (ii) If m(S) = n − 1 for some boundary component S and ∂M is not connected, then
If m(S) < n − 1 for all boundary components, then ∂M = S and Σ ± , defined in Theorem 1, are all connected. Moreover, M is a Z 2 -symmetric domain in the warped product space
0 , which is bounded by the graphs of φ and −φ, where
This implies that ∂M , M 0 and M all have fiberation structures: (a) ∂M is a sphere bundle over either Σ ± , with each fibre isometric to S n−m−1 (sin θ).
(b) Let Σ 0 be the intersection of {f = 0} with the integral curves of ∇f /|∇f | starting from Σ ± . Then Σ 0 is an m-dimensional totally geodesic submanifold of M 0 (and M ) and M 0 is a disk bundle over Σ 0 with each fibre isometric to B n−m−1 (sin θ). (c) M is a disk bundle over Σ 0 with each fibre isometric to B n−m (sin θ).
Let us briefly discuss the idea behind the proofs. Given Obata equation, the existence of a non-constant solution implies a local warped product structure near any regular point of the function (c.f. [P] ). The isolated critical points (if exist) help to determine both the topology and the metric via the flow by the gradient vector field. While working on the manifolds with boundary, there are two obstacles. First, as alluded to the above, the existence of interior maximum or minimum can help to determine the metric, indeed it can be shown that the metric is isometric to the standard spherical metric in view of the Obata equation. However, in the case of a < 0, maximum and minimum can occur on the boundary. Therefore, only warped product structure is to be expected. This is a new geometric situation we encounter. Second, the level sets of the function might intersect with the boundary transversely, which causes some trouble for the flow method. However, the restriction of the function on the boundary is an isoparametric function, which yields plenty of geometric consequences. Another issue complicating the argument is that there might be multiple boundary components. We elaborate with substantial amount of arguments.
We also consider a problem with non-vanishing Neumann boundary condition:
This serves as a complementary example for the third possibility of the appearance of the maximum and minimum. In this case, only global minimum is achieved in the interior and global maximum is achieved on the boundary. This actually simplifies the matter. We prove the following:
Theorem 4. Let (M, g) be a smooth compact Riemannian manifold with boundary and
) is isometric to the standard hemisphere.
Finally, we remark that one can study generalized Obata equations on manifolds with boundary (c.f. [WY] ). We leave it for future investigation.
An outline of this paper is as follows: In Section 2, we set up notations for the equation (1.1) and give a general discussion of the manifold which is independent of the sign of a. In Section 3, we treat the equation (1.1) with a > 0 and prove Theorem 2. In Section 4, we treat the equation (1.1) with a < 0 and prove Theorem 3. In Section 5, we consider equation (1.4) and prove Theorem 4. In the appendix, we prove a gluing theorem. This is helpful in our proof for main theorems and might be of independent interest. Acknowledgment: The authors wish to thank Guoqiang Wu and Wenjiao Yan for some helpful discussions.
2. General Discussion for Equation (1.1) and Proof of Theorem 1 Suppose (M n , g) (n ≥ 2) is a smooth connected compact manifold with boundary and g is the induced metric on ∂M . Suppose f is a non-constant function satisfying equation (1.1). Let us first fix some notations which will be used throughout the paper.
(i) Ambient Manifold. We use ∇ i , ∆ g and R ijkl to denote the covariant derivative, Laplace-Beltrami operator and Riemannian curvatures for (M, g), and ": i" to denote covariant derivative, i.e.
Boundary. Let r be the geodesic normal defining fucntion near the boundary, i.e.
there is an identification of ∂M × [0, ) r with a collar neighborhood of ∂M such that in this neighborhood g takes the form:
whereḡ(r) is a smooth family of metrics on ∂M withḡ(0) =ḡ. Then the outward unit normal is ν = −∂ r . In particular, for any p ∈ ∂M , locally we take an orthonormal frame {e 1 , ..., e n } for (M, g) such that {e 1 , ..., e n−1 } is an orthonormal frame for (∂M,ḡ) and e n = ν. We use∇ i , ∆ḡ andR ijkl to denote the covariant derivative and Riemannian curvatures for (∂M,ḡ); and "; i" to denote covariant derivative∇ i , i.e., f ;ij = ∇ j∇i f , ∆ḡf =∇ i∇ i f . We also use h to denote the second fundamental form of ∂M w.r.t. the outward unit normal ν, i.e. if an orthonormal frame {e 1 , ..., e n } is as above, then h(e i , e j ) = ∇ e i e n , e j g = − ∇ e i e j , e n g .
If ∇f | Mc = 0, then M c is a regular embedded hypersurface in M . In this case, for any p ∈ M c , locally we take an orthonormal frame {α 1 , ..., α n } for (M, g) such that {α 1 , ..., α n−1 } is an orthonormal frame for (M c ,g c ) and α n = ∇f /|∇f |. We use∇ i andR ijkl to denote the covariant derivative and Riemannian curvatures for (M c ,g c ), andh c the second fundamental form of
If∇f | Sc = 0, then S c is a regular embedded hypersurface in S. In this case, for any p ∈ S c , locally we take an orthonormal frame {e 1 , ..., e n } for (M, g) such that {e 2 , ..., e n−1 } is an orthonormal frame for (S c ,ĝ c ), and e 1 =∇f /|∇f |, e n = ν.
We use∇ i andR ijkl to denote the covariant derivative and Riemannian curvatures for (S c ,ĝ c ) andĥ c the second fundamental form of S c in S w.r.t. e 1 =∇f /|∇f |.
With above notations, we first notice that (1.1) implies that
This is because at any point p ∈ ∂M , if we choose the boundary orthonormal frame field {e 1 , e 2 , · · · , e n−1 } and take e n = ν, then for all i, j < n,
Here f n = −af by the boundary condition in (1.1) and hence
Moreover, (1.1) and (2.2) imply that there exists some constant L > 0 such that
If f attains its maximum (or minimum) inM , the interior of M , then the maximum (minimum) points are isolated with value L (or −L). However, generally speaking, we don't know whether these points exist or not. Since ∂M is closed, f | ∂M always attains its maximum and minimum at some boundary critical points. More explicitly, for any connected boundary component S,
• if f | S is not constant, then f achieves both boundary maximum and minimum:
(v) Nonnegative or Nonpositive part of the ambient manifold M and a connected boundary component S, as well as the interior critical points C and the boundary critical points Σ are denoted by
By equations (1.1) and (2.2), we first give a key observation that the principal curvatures of the boundary are constants determined by a up to a change of multiplicity.
Lemma 2.1. Suppose p ∈ ∂M satisfies∇f (p) = 0 and f (p) = 0. Then the principal curvatures of the second fundamental form are
for some m < n − 1. In particular,∇f is a principle direction corresponding to −a.
Proof. Near p, choose a boundary orthonormal frame field {e 1 , ..., e n−1 } w.r.t.ḡ such that e 1 =∇f /|∇f | and∇ e i e j (p) = 0. Here {e 2 , · · · , e n−1 } may only be tangent to the level set of f | ∂M at p. Take e n = ν. Then from equation (1.1), we have
This implies that
Here f 1 = |∇f | = 0, f n = −af and f j = 0 for all 2 ≤ j ≤ n − 1. Hence,
Taking boundary covariant derivative to (2.3) yields
We denote by m the multiplicity of 1/a and finish the proof.
Proposition 2.1. For any connected component S ⊂ ∂M , there exists a non-negative integer m = m(S) such that the principle curvatures are
Moreover, (i) m(S) = n − 1 if and only if h| S = (1/a)ḡ and f | S is constant; (ii) m(S) = 0 if and only if h| S = −aḡ, consequently S is isometric to a round sphere of radius 1/ √ 1 + a 2 and f | S is a constant multiple of the coordinate function on the sphere.
2), this implies that h = 1/aḡ on S and hence all the principle curvatures are 1/a. Thus m(S) = n − 1. Conversely, if m(S) = n − 1, thenḡ − ah = 0 and thus∇ 2 f = 0 on S. So f | S must be a constant.
If f | S is not constant, then Lemma 2.1 shows that for any p ∈ S,∇f (p) = 0 and f (p) = 0, there are m principle curvatures equal to 1/a and (n − 1 − m) ones equal to −a. So we can define a function m(p) = m at such points. Notice that the mean curvature at such point is expressed by
which is a continuous function on S. If m(p) is well defined in a connected domain, then m(p) must be constant in this domain. We next show that m(p) is defined all over S and hence a constant function on S. Let
Notice that Σ 1 , Σ 2 and Σ 3 are nonempty disjoint sets, while Σ 1 , Σ 2 are closed and Σ 3 is open. The function m(p) is well defined for all p ∈ Σ 3 satisfying m < n − 1 by (2.4). And Σ 1 is a (n − 2) dimensional submanifold in S, since∇f = 0 while f = 0. Moreover, there exists a neighborhood U of Σ 1 such that U \Σ 1 ⊂ Σ 3 . So the definition of m(p) can be extended to Σ 1 by continuity of the principle curvatures. Notice that Σ 1 ∪ Σ 3 is also open. Similarly, the definition of m(p) can be extended to (Σ 1 ∪ Σ 3 ) by continuity again and the value of m(p) is strictly less than n − 1 for any p ∈ (Σ 1 ∪ Σ 3 ). This forces that Σ 2 has no interior point. Otherwise,∇f |Σ 2 = 0 and equation (2.2) imply that f |Σ 2 is constant and h|Σ
is defined all over S which has two different eigenvalues. This contradicts the connectedness of S. ThereforeΣ 2 = ∅ and m(S) < n − 1.
In particular, if m(S) = 0, then on S we have h = −aḡ andḡ − ah = (1 + a 2 )ḡ. Hence,
This is the standard Obata equation up to a scaling. Hence, S is isometric to a round sphere of radius 1/ √ 1 + a 2 .
Proposition 2.1 implies that for each connected boundary component S, T S has a splitting (2.7) T S = T S ⊕ T S corresponding to principle curvatures −a and 1/a respectively. However, generally we don't know whether this splitting is parallel invariant and hence induces a (local) product metric by the de Rham Decomposition theorem (c.f. [Wu] ).
Some more facts about the metric and curvatures are given as follows.
Lemma 2.2. The integral curves of ∇f /|∇f | and∇f /|∇f | are geodesics w.r.t. (M, g) and (∂M,ḡ) respectively.
which implies that
Here h ij f j = −af i by (2.3). So∇VV = 0. Hence, ifγ(t) is an integral curve ofV , then γ(t) is a geodesic w.r.t. (∂M,ḡ).
Suppose c = L sin φ for some φ ∈ (−π/2, π/2) and N ⊂ M c is a smooth domain. If there exists some t 1 < 0 < t 2 such that the integral curve γ(t) of ∇f /|∇f | starting from N exists for all t ∈ [t 1 , t 2 ] without meeting the critical point, then by identifying N × [t 1 , t 2 ] t with a domain of M , given by traveling of N from t 1 to t 2 , such that in this domain g takes the form
whereg(t) is a family of metrics on N . Moreover, F (t) = f (γ(t)) satisfies
This implies that (2.8)g (t) = −2 tan(φ + t)g(t).
Lemma 2.3. Suppose q is an interior maximum (minimum) point and t 0 > 0 is the distance from q to ∂M . Then the geodesic ball B(q, t 0 ) lies entirely in M and g| B(q,t 0 ) is the standard spherical metric g S n .
Moreover, if p ∈M can be connected to some q via a geodesic γ(t) lying inM without passing through another critical point between p and q, then there exists a neighborhood U of p, such that g takes the standard spherical metric g S n in U . Any p ∈ U is connected to the same q via a geodesic lying inM without passing through another critical point.
Proof. This is almost directly from Obata's original proof. WLOG, assume q is a maximum point. Let γ(t) be an arbitrary geodesic from q. Then γ(t) coincides with some integral curve of ∇f /|∇f | away from q and F (t) = f (γ(t)) satisfies
Hence, F (t) = f (γ(t)) = L cos t. For 0 < t ≤ t 0 , each geodesic sphere ∂B(q, t) is a connected component of the level set of f . Then by (2.8),
Since q is a regular interior point,
. This is the round metric on S n . Next assume p can be connected to q via an interior geodesic without passing through any other critical point. WLOG assume f (q) = L. Denote f (p) = L cos ϕ = c for some ϕ ∈ (0, π) and the geodesic γ(t) connecting q and p must be the integral curve of ∇f /|∇f | such that
However, for t < t 0 , we already knowg(t) = (sin t) 2 g S n−1 . Hence, for all t ∈ (0, ϕ), g(t) = (sin t) 2 g S n−1 . Take U = N × (ϕ − , ϕ + ) and we finish the proof.
Lemma 2.4. For the Riemannian curvature of (M, g) and (∂M,ḡ), we have the following:
(i) For any p ∈M satisfying ∇f (p) = 0, we choose an orthonormal frame {α 1 , ..., α n } such that α n = ∇f /|∇f | and α 1 , ..., α n−1 are tangent to the level set of f . Then in this frame,
(ii) For any p ∈ ∂M , we choose a boundary orthonormal frame field {e 1 , ..., e n−1 } w.r.t. g and take e n = ν. Then
Proof. For (i), in the frame {α 1 , ..., α n }, f n = |∇f | = 0 and f i = 0 for all i < n. Notice that f :ij = −f g ij . This implies that f :ijk = −f k g ij . Hence,
For j = n and i, k < n, we have R nink = g ik . For i, j, k < n, we have R nijk = 0.
For (ii), the identity (2.10) is directly from the Codazzi equation. If p is a boundary critical point, then e n coincides with α n , which implies R nikj = 0. If p is not a boundary critical point, by further choosing e 1 =∇f /|∇f |, equation (1.1) and a similar proof of (i) show that
Here f n = −af and f 1 = |∇f |. So for 2 ≤ i, j, k ≤ n − 1, we have the first formula of (2.11). The second formula of (2.11) is directly from the fact that∇f is a principal direction corresponding to −a by Lemma 2.1 and the Gauss equation: for 2 ≤ i, j, k ≤ n − 1,
For the last two formulae of (2.11), notice that (2.2) implies that f ;ij = −f (ḡ ij − ah ij ) and hence
Taking j = 1 and 2 ≤ i, k ≤ n − 1, we have the third formula of (2.11). Taking 2 ≤ i, j, k ≤ n − 1, we have the last one.
Lemma 2.5. Suppose S ⊂ ∂M is a connected component such that 1 ≤ m = m(S) ≤ n − 2. Then for any p ∈ S, we can choose an orthonormal frame field such that e n = ν and at p, e 1 , e 2 , ..., e n−1−m are principal directions corresponding to −a, e n−m , ..., e n−1 are principal directions corresponding to 1/a and∇ e i e j (p) = 0. Then we have
Proof. For any p ∈ S, choose a boundary orthonormal frame field {e 1 , e 2 , ..., e n−1 } w.r.t.ḡ such that at p, {e 1 , e 2 , ..., e n−1−m } are principal directions corresponding to −a, {e n−m , ..., e n−1 } corresponding to 1/a, and∇ e i e j (p) = 0. We claim that on S, there holds
To that end, recalling from the proof of Lemma 2.1 and formula (2.5), we have
Again taking∇ l to equation (2.12) we have
In particular, if e 1 =∇f /|∇f |, then by (2.4) we also have h i1:l = 0 for all 1 ≤ i, l ≤ n − 1.
So we have proved (i),(ii),(iii). For (iv) and (v), they are immediate consequences of Lemma 2.4 and (i)-(ii).
In the next two sections, we will show that for a > 0 the interior metric is always the spherical metric and the interior curvatures together with Lemmas 2.4-2.5 can guarantee that∇h ≡ 0. Hence, given S a connected component of ∂M , the splitting (2.7) is parallel invariant, which further leads to a product structure of S. However, for a < 0 this may not be true.
Here we turn to a second observation that both f and f | S are isoparametric functions on M and S. Indeed, it follows from equations (1.1), (2.2) and Proposition 2.1 that
Moreover, the level sets M c and S c (assume f | S is not a constant) have constant principal curvatures in M and S:
If c = φ = 0, thenh 0 = 0 and hence M 0 is totally geodesic.
In particular, if c = φ = 0, then S 0 is totally geodesic in S.
1+a 2 , S c is a fibre bundle over Σ with each fibre diffeomorphic to S n−2−m . (iii) S ± is a fibre bundle over Σ with each fibre diffeomorphic to B n−1−m . (iv) Σ ± is totally geodesic in (S,ḡ). (v) S ± and Σ ± have the same number of connected components, i.e.
In particular, if m < n − 2, then S ± and Σ ± are connected sets.
Proof. Since f | S is an isoparametric function on S, by (2.2) its hessian has constant rank n − 1 − m. Then by [Wa] the focal variety Σ ± is an m-dimensional smooth submanifold of S, whose tangent space is the eigenspace corresponding to eigenvalue 0 of∇ 2 f , and the level set S c is a tube over Σ ± . Hence, (i), (ii), (iii) follow directly. We briefly recall the proof here and show that some more information can be obtained in our setting.
Letγ p (t) be the flow of∇f /|∇f | starting from p ∈ S 0 . By Lemma 2.2, we knowγ p (t) is a geodesic w.r.t. metricḡ. Then by (2.3), F (t) = f (γ p (t)) satisfies the ODE:
2 ), the level set S c is a regular level set in the sense that∇f | Sc = 0. While t → ± π 2 √ 1+a 2 , the limit point ofγ p (t) is obviously in Σ ± since
And for any q ∈ Σ ± , by the connectedness of S, there exists some geodesic realising the distance of q and S 0 , which is perpendicular to S 0 and hence coincides with someγ p (t) with p ∈ S 0 . Therefore,
Then Φ ± 0 is a constant rank map with image Σ ± . And it is the same for Φ
Consider the Hamiltonian vector field of H(p, ξ) = |ξ| 2 g on ST S, the spherical tangent bundle over S. For any t, this vector field generates a diffeomorphism
Taking t = ± π 2 √ 1+a 2 and restricting Ψ t to SN S 0 = {(p, W ± ) : p ∈ S 0 , W ± = ±∇f /|∇f |}, the spherical normal bundle of S 0 in S, it gives a diffeomorphism from SN S 0 to its image,
which splits into forward and backward maps. Here we identify S 0 with SN S 0 and SN Σ ± denotes the spherical normal bundle of Σ ± . The image is in SN Σ ± , because for all p ∈ S 0 , if
Notice that S 0 and SN Σ ± have the same dimension and no boundary, Ψ ± 0 is onto and the projection of its image to the base manifold Σ ± is surjective. So
For any q ∈ Σ ± and any V ∈ SN q Σ ± , since Ψ ± 0 is surjective, there exists some p ∈ S 0 , such that (q, −V ) = Ψ ± 0 (p). Then the geodesicσ q (s) = exp q (sV ) must coincide with the gradient flow of −∇f /|∇f | starting from p. Hence, for all s, h(σ q (s),σ q (s)) = −a. And G(s) = f (σ q (s)) satisfies the ODE:
which is diffeomorphic to S n−2−m . This gives s a fibration of S c over Σ ± with each fibre diffeomorphic to S n−2−m . Similarly, S ± is a fibre bundle over Σ ± with each fibre
which is diffeomorphic to B n−1−m .
To prove (iv), for any p ∈ Σ ± , take a boundary orthonormal frame field such that e 1 , ..., e n−1−m ∈ N Σ + corresponding to principal curvature −a and e n−m , ..., e n−1 ∈ T Σ ± corresponding to principal curvature 1/a. For 1 ≤ i ≤ n − 1 − m and n − m ≤ j, k ≤ n − 1, letĥ i jk denote i-th component of the mean curvature vector of Σ ± ⊂ S, i.e. h i jk = ∇ e k e i , e j ḡ = − e i ,∇ e k e j ḡ . Then by∇h| Σ ± = 0, we have 0 =∇ e k (h(e i , e j )) = (∇ e k h)(e i , e j ) + h(∇ e k e i , e j ) + h(e i ,∇ e k e j )
For (v), if m < n − 2, then the codimension of Σ ± is at least 2. By the connectedness of
Hence, S 0 and all S c are connected. It follows that S ± and Σ ± are connected as well.
Notice that if m = m(S) = n − 2, Σ ± and S ± can be not connected.
Proof of Theorem 1. Summarizing Proposition 2.1 and Proposition 2.2, we finish the proof of Theorem 1.
a > 0 and The Proof of Theorem 2
In this section, we assume f is a non-constant function satisfying equation (1.1) and a = cot θ > 0, θ ∈ (0, π/2).
We consider a simple case first.
Proposition 3.1. Suppose S is a connected component of ∂M such that f | S is constant. Then ∂M = S is connected, which is isometric to S n−1 (cos θ) and M is a spherical cap of radius π/2 − θ with mean curvature (n − 1) tan θ.
Proof. WLOG, we can assume f | S is a positive constant. Then
Hence, f is increasing when going inward from the boundary. Let γ p (t) be the flow line of ∇f /|∇f | starting from an arbitrary p ∈ S. Then F (t) = f (γ p (t)) satisfies
1+a 2 and γ p (t) can not arrive the boundary. Hence, the flow line stays in the interior of M for all t ∈ (0, π/2 − θ]. Letḡ(t) be the induced metric on the t-level set and g takes the form g = dt 2 +ḡ(t). Restricting equation (1.1) to t-level set gives 1 2ḡ
This implies thatḡ (t) = −2 tan(t + θ)ḡ(t).
Sinceḡ(0) =ḡ| S , we obtain
While t → π/2−θ, (S,ḡ| S ) is shrinking to a smooth point. Therefore, (S,ḡ| S ) = S n−1 (cos θ) and (M, g) is a spherical cap of radius π/2 − θ.
By Proposition 3.1, the following statements are equivalent:
• There exists one connected boundary component S such that f | S is not constant.
• For any connected boundary component S, f | S is not constant. Recall that
Obviously, C + (or C − ) is a set of isolated points in M .
Lemma 3.1. Suppose f | ∂M is not constant. Then f achieves both global maximum and minimum in the interior of M . Hence, C + and C − are both nonempty.
Proof. Since f | ∂M is not constant, taking any connected boundary component S, f | S is not constant as well and hence
We first consider p ∈ S such that f (p) = L sin φ p > 0. Here 0 < φ p ≤ θ. Then ∇f /|∇f | points inward at p. Let γ p (t) denote the integral curve of ∇f /|∇f | starting from p. Then F (t) = f (γ p (t)) satisfies
This conflicts with the fact
For p ∈ S and f (p) = −L sin φ p < 0, a similar proof shows that the backward flow will meet an interior minimum point at time −t p = φ p − π/2 before meeting boundary again. So both C + and C − are nonempty.
In particular, if p ∈ M such that f (p) = 0, then γ p (t) exists for all t ∈ [−π/2, π/2] and connects an interior maximum point with an interior minimum point.
Proof. For p ∈M satisfying f (p) = L sin φ p ≥ 0 for some 0 ≤ φ p < π/2, the same idea as the proof of Lemma 3.1 shows that when going forwards the flow γ p (t) will arrive at an interior maximum point at time t p = π/2 − φ p before meeting the boundary. And for p ∈M satisfying f (p) = −L sin φ p ≤ 0 for some 0 ≤ φ p < π/2, we consider the backward flow. When going backwards, the flow γ p (t) will arrive at an interior minimum point −t p = φ p − π/2 before meeting the boundary.
While p ∈ ∂M and f (p) = 0, it is available in the proof of Lemma 3.1. Finally, we consider p ∈ ∂M such that f (p) = 0. Take a connected open neighborhood N of p in M 0 such that p ∈ ∂N . Then on N × (−π/2, π/2) t , g takes the spherical metric and N goes forwards to a unique q + ∈ C + and backwards to a unique q − ∈ C − . Take a sequence p i ∈ N such that p i → p, then the geodesic γ p i will converge to a geodesic passing through p and connecting q + with q − .
It is directly from Lemmas 3.1 and 3.2 that if f | ∂M is not constant, then every point in M can be connected to an interior critical point. Hence, the interior metric is locally the spherical metric g S n by Lemma 2.3. Consequently, the interior Riemannian curvature is determined.
Lemma 3.3. Suppose f | ∂M is not constant. Then g is locally the spherical metric on M . By choosing e 1 , .., e n−1 to be a boundary orthonormal frame and taking e n = ν, we have
(ii) if further choose e 1 =∇f /|∇f |, thenR 1ijk;l = 0 on S for all i, j, k, l ≤ n − 1; (iii)∇h = 0 on ∂M ; (iv) for any connected boundary component, the split (2.7) is parallel invariant w.r.t.
metricḡ.
Now by de Rham decomposition theorem, the universal covering of (S,ḡ) is a complete Riemannian manifold of product type, which implies that (S,ḡ) is locally a warped product. Moreover, we have the following.
Lemma 3.4. Suppose S is a connected boundary component such that m = m(S) < n − 2. For any p + ∈ Σ + , denote
there hold (i) Ω p + is a totally geodesic submanifold of S and isometric to S n−1−m (sin θ); (ii) Ω p + intersects with Σ − at a unique point p − and thus induces an isometric map:
(iii) S is a fibre bundle over Σ + with each fibre isometric to S n−1−m (sin θ).
Proof. For any p + ∈ Σ + and V ∈ SN p + Σ + , letγ(t) be a geodesic satisfyingγ(0) = p + and γ (0) = V . Obviously,γ(t) coincides with some integral curve of∇f /|∇f |. We choose an orthonormal frame field {e 1 =∇f /|∇f |, e 2 , ..., e n−1 } alongγ(t) such that
If m < n − 2, then it follows from Lemma 2.4 that
Then J(t) is the Jacobian field alongγ(t):
Obviously, J(t) ⊥γ (t) and J(t) are tangent to Ω p + for all t by its definition. Moreover, J(t) splits into J(t) = J 1 (t) + J 2 (t) according to (2.7) such that
This implies thatR (J(t),γ (t))γ (t) = (1 + a 2 )J 1 (t).
SinceR 1i1j;l = 0 for i, j, l ≤ n − 1 by Lemma 3.3, we havē
This shows that J (t) = J 1 (t) + J 2 (t) satisfies
and J (t) = J 1 (t) + J 2 (t) such that
Hence, the Jacobi equation (3.1) splits into
So if we denote by W (t) the parallel transportation of W alongγ(t), then
This implies that W (t) is always tangent to Ω p + . Since W is arbitrary, we conclude that T Ω p + is spanned by parallel transportation of N p + Σ + . Moreover, (3.2) implies the metric on Ω p + :ḡ
So there is only one focal point on Ω p + which is at t 0 = π/ √ 1 + a 2 . Moreover, it is easy to show that f (γ(t)) = L √ 1+a 2 cos(t √ 1 + a 2 ) and hence f (γ(t 0 )) = − L √ 1+a 2 . Then the unique focal point is actually on Σ − , which is also the only point, where Ω p + intersects with Σ − , denoted by p − . Now we can define a map
First, Ψ is one-to-one. Because by a similar construction of Ω p − , we can define the inverse map. Second, Ψ is an isometry. Choose arbitrary V ∈ SN p + Σ + and let γ(t) be the geodesic in direction V . Consider a frame e 1 = V, ..., e n−1 at p + such that e 1 , ..., e n−1−m span N p + Σ + (corresponding to principal curvature −a) and e n−m , ..., e n−1 span T p + Σ + (corresponding to principal curvature 1/a). Consider the parallel transportation of e i along γ(t). By previous discussion and∇h = 0, e 1 , ..., e n−1−m are always tangent to Ω p + and corresponding to principal curvature −a; e n−m , ..., e n−1 are always perpendicular to Ω p + and corresponding to principal curvature 1/a. Therefore, while arriving at p − , e 1 , ..., e n−1−m span N p − Σ − and e n−m , ..., e n−1 span T p − Σ − . Moreover, for n − m ≤ i ≤ n − 1, the parallel transportation of e i is also a Jacobi field along γ(t) satisfying J (t) +R(J(t), γ (t))γ (t) = 0 ⇐⇒ J (t) = 0, where J(0) = e i and J (0) = 0. Hence, the map from Σ + to Σ − is an isometry.
Remark 3.1. If S is a connected boundary component such that m = m(S) = n − 2, then Σ ± has codimension 1 in S. Hence, Ω p + = exp p + N p + Σ + is just the integral curve of ∇f /|∇f | passing through p + , which may intersect with Σ − at more than one point. This corresponds to the case that Σ + (or Σ − , S + , S − ) is not connected.
To get more explicit information for the focal set Σ ± to determine S ± , we need refer back to the global structure for M . Even though we know the metric is locally the spherical metric, there are still two uncertainties to conclude that M is a domain in S n :
• How many critical points are in the interior?
• Does M have a Z 2 -symmetry? To overcome them, we will consider the double of a connected component in M ± . This will impose a Z 2 -symmetry as well as the uniqueness of interior maximum/minimum point. Define a map Γ ± : M ± −→ C ± , in the way that for any p ∈ M ± , Γ ± (p) is the first critical point it meets when traveling along the flow of ∇f /|∇f | forward/backward. Here Γ ± is continuous and surjective by Lemma 2.3 and its proof. Hence, one connected component of M ± corresponds to one maximum/minimum point, i.e. π 0 (C ± ) = π 0 (M ± ). Pick a connected component X ± of M ± and let [X ± ] 2 be the double of X ± across its intersection with M 0 . It is equivalent to saying [X ± ] 2 is the connected component of [M ± ] 2 , which contains X ± . Since M 0 is totally geodesic in M and S 0 is totally geodesic in S, [M ± ] 2 and hence [X ± ] 2 are smooth manifolds with boundary. Denote X = [X ± ] 2 for simplicity. Let u be the odd extension of f | X ± to X. Then u satisfies equation (1.1) on X. We give a simple illustration for the doubling construction.
Lemma 3.5. There exists an identification of X with a connected domain in
such that u = Ly n+1 and ∂X = k i=1 Y i , where up to a rotation around y n+1 -axis, 
In this case, X ∩ {f = 0} is connected. (ii) If some Y i has m i = n − 2, then for any other j = i, m j = 0. In this case, X ∩ {f = 0} has two connected components.
Proof. WLOG, assume X = [X + ] 2 for some connected component X + in M + . By the continuity of map Γ + : M + → C + , there exists only one global maximum point q + ∈ X + and hence one global minimum point q − ∈ X after doubling. By Lemma 3.2, each point p ∈ X + can be uniquely parametrized by
This means X + is actually star-shaped. Then an identification of T q + M with T N S n isometrically embedding X + into S n + , where N = (0, ..., 0, 1) ∈ R n+1 is the north point. Moreover, the embedding implies that f = Ly n+1 and hence M 0 ∩X + is on the equator {y n+1 = 0}. By doubling the image, we obtain an isometric embedding from X to S n . Hence, each boundary component Y ⊂ ∂X is a hypersurface in S n , which has two constant principal curvatures: 1/a = tan θ with multiplicity m and −a = − cot θ with multiplicity n − 1 − m. In view of the theory of isoparametric hypersurfaces in S n (c.f. [C] ), it follows that Y = T m (θ), i.e.
Moreover, f = Ly n+1 implies that up to a rotation around y n+1 -axis, we have Y = {y ∈ R n+1 : |y| = 1, y 2 m+2 + · · · + y 2 n+1 = sin 2 θ}, if 0 < m < n − 1, {y ∈ R n+1 : |y| = 1, y 1 = cos θ}, if m = 0.
Hence,
Next suppose n ≥ 3. 
Here D m i (θ) are disjoint domains of model types (1.2) up to a rotation around y n+1 -axis, and l represents the number of boundary components. (ii) If n ≥ 3 and there exists some connected boundary component S such that m(S) = n − 2, then any other connected boundary component S (if exists) must be isometric to S n−1 (sin θ) with constant principle curvature −a. After gluing spherical caps of radius θ at all such S , we obtain a manifold with boundary ( M , g) which is diffeomorphic to
) is a surface of constant Gaussian curvature 1 with boundary of constant curvature −a. Moreover, each boundary component S is a circle of length of 2πk sin θ, where k is the number of connected components of S + .
Proof. Since f | ∂M is not constant, all m(S) ≤ n−2. And there exist both interior maximum and minimum points. Moreover, π 0 (M ± ) = π 0 (C ± ). (i) If one boundary component S satisfies m(S) < n − 2, then by Lemma 3.5, we can embed a neighborhood of S into R n+1 such that f = Ly n+1 and S = T m (θ). By Theorem 5, gluing (D m (θ), Ly n+1 ) to (M, f ) across (S, f | S ) will erase this boundary component without changing the equation. Here all m(S) < n − 2, we can do a similar gluing action to all S and obtain a connected closed manifold ( M , g) and a smooth non-constant function f such that
By [O] , ( M , g) is the standard round sphere S n .
(ii) Suppose n ≥ 3. Let S be a fixed boundary component with m(S) = n − 2. First, consider the simple case:
( * ) there is no boundary component S such that m(S ) = 0. In this case, we claim that ∂M is connected. Otherwise, there is another boundary component S ⊂ ∂M such that 0 < m(S ) ≤ n − 2, S ∩ S = ∅ and S is the closest one to S. Since M is connected, there is a geodesic γ(t) realising the distance between S and S in M . WLOG,we can assume γ(t) starts at p ∈ S + . Obviously γ(t) ⊥ S + at p. Let X + be the connected component of M + which contains p, and hence contain one connected component of S + , which is exactly X + ∩ ∂M by Lemma 3.5. Moreover, the geodesic γ(t) will meet S + again in X + before it arrives S . So it contradicts the fact that γ(t) is the geodesic that realizing the distance between S and S . Therefore, ∂M = S. By Lemma 3.5 again, all connected components of S ± are isometric to S n−2 (cos θ) × S 1 ± (sin θ), and hence all connected components of M ± are isometric to
Suppose M ± has k connected components: X
(1)
± . The corresponding interior critical points are denoted by q
± . Notice that by Lemma 3.5, each X
(1) ± ∩ M 0 has two connected components. Let γ(t) be the geodesic starting from an interior point p 1 of X (1) + ∩ M 0 with initial direction ∇f /|∇f | . When going forwards, γ(t) first meets the interior critical point q (1)
± . This gives an order of X
Moreover, the first time γ(t) comes back to X 
+ −→ X + is given by the identity map. If Π| X (i) ± is given and
∓ −→ is determined by the continuity across X (i)
∓ such that Π is locally an isometry. Using the order given by γ(t), we determine the map Π. Moreover, denote the intersection of γ(t) with M 0 by p 1 , p 2 , ..., p 2k . Then Π(p i ) is always the antipodal point of Π(p i−1 ). Hence, when γ(t) comes back to X + , it must meet p 1 again and then is a closed geodesic in M .
Next, consider the general case. For any S such that m(S ) = 0. Using the same idea as the proof of (i), we can glue a spherical cap (D 0 (θ), Ly n+1 ) along (S , f | S ) to erase the boundary component without changing the equation. Then after gluing along all such S , we get a manifold ( M , g) and a smooth non-constant function f such that ( * ) is satisfied. By ( * ), ∂ M = S is connected and ( M , g) is an isometric covering of S n − D n−2 (θ) of degree k if there are k interior maximum points.
(iii) When n = 2 and f | ∂M is not constant, then for each connected boundary component S is just a circle, which is the flow line of∇f /|∇f |. Let σ(t) be the integral curve of ∇f /|∇f | starting from a boundary maximum point q ∈ S. Then f (σ(t)) = sin θ cos(t/ sin θ).
The non-negative and non-positive parts of f (σ(t)) correspond to the connected components of S + and S − . If S + has k components, then the length of σ(t) is 2πk sin θ.
Remark 3.2. For n = 2 and f | ∂M is non-constant, the global picture of M can be more complicated. For each S, S + may have different number of connected components. Moreover, if pick a connected component X + of M + , then X + ∩ M 0 may have several connected components which are not identically the same.
Proof of Theorem 2. The proof follows from Proposition 3.1 and Proposition 3.2.
Proof of Corollary 1. Suppose ξ 1 = n, and let f be an eigenfunction with respect to n, i.e.,
Applying Reilly's formula to f , we have
and Ric ≥ (n − 1)g, we find that l.h.s of (3.4)
Multiplying the first equation of (3.3) by f and integrating on M , we obtain
and thus l.h.s of (3.4) ≤ a(n − 1)
On the other hand, recalling that h ≥ −2ag, H ≥ n−1 a and ∂f ∂ν + af = 0, we obtain r.h.s of (3.4) ≥ a(n − 1)
n , which implies that f satisfies the Obata equation (1.1) with Robin boundary condition. Now a routine check through all cases in Theorem 2 implies that the spherical cap is the only one compatible with the given boundary condition.
a < 0 and The Proof of Theorem 3
In this section, we assume f is a non-constant function satisfying equation (1.1) and a = cot θ < 0, θ ∈ (π/2, π).
Proposition 4.1. The function f has an interior critical point if and only if ∂M has only one component and f | ∂M is constant. In this case, (M, g) is a big spherical cap of radius π + arctan a.
Proof. First, if f has an interior critical point q, then WLOG we can assume f (q) = L. Consider a geodesic γ(t) starting from q, which is also the flow line of ∇f /|∇f | while away from q. Then F (t) = f (γ(t)) satisfies
is a geodesic realising the distance between q and ∂M , we assume γ 0 (t) first meets ∂M at t 0 and γ 0 (t 0 ) = p ∈ ∂M . Obviously, γ 0 (t) is perpendicular to ∂M . Here t 0 < π. (Otherwise, we have an interior geodesic ball of radius π in M and by Lemma 2.3, this is a closed manifold S n .)
At t 0 , we have
By Lemma 2.3, on the geodesic ball B(q, t 0 ), g is the standard spherical metric. Notice that γ 0 (t) intersects with ∂M transversely, and the metric in a sufficiently small neighborhood of γ 0 (t) is close enough to standard spherical metric. Hence, if γ 1 (0) is a sufficient small perturbation of γ 0 (t), then γ 1 (t) intersects with ∂M transversely, at some time t 1 satisfying t 0 ≤ t 1 ≤ π. However, at t 1 , we have
This implies t 1 = t 0 and γ 1 (t) also realizes the distance between q and ∂M . Let T ⊂ ST q M be the set of directions such that the geodesic starting from q first meeting with ∂M at t = t 0 . Above argument shows that T is open. And obviously, T is also closed by the regularity of the metric. Hence, M is just the geodesic ball B(q, t 0 ), this implies that ∂M has only one connected component and f | ∂M is constant.
Conversely, if ∂M has only one connected component and f | ∂M is constant, then WLOG we can assume f | ∂M is a negative constant. Hence, on ∂M
For any p ∈ ∂M , consider the gradient flow γ p (t) of ∇f /|∇f | starting from p. Then F (t) = f (γ p (t)) satisfies
whereg(t) satisfies the ODE equation (2.8) given by restricting (1.1) on the t-level set:
Since ∂M is connected, all the flow lines will never stop until it reaches the interior maximum point with value L > 0. In this case, ∂M shrink to a point and can only be the sphere S n−1 up to scaling. This shows that (M, g) is a big spherical cap of radius π + arctan a.
Proposition 4.2. Suppose S ⊂ ∂M is a connected component such that f |S is constant and ∂M contains at least two components. Then ∂M = S S and
For any p ∈ S, consider the gradient flow γ(t) of ∇f /|∇f | starting from p. Then F (t) = f (γ(t)) satisfies
Hence, F (t) = −L sin(t + θ). By Proposition 4.1, since ∂M contains at least 2 components, there is no interior maximum/minimum point. Then any flow line γ(t) starting from S will meet ∂M \S at some time t p < 3π 2 − θ. Let t 0 be the first meeting time given by some γ 0 (t) starting from p 0 ∈ S. Then γ 0 (t) meets a boundary component S = S at t 0 perpendicularly and
Then there is an onto map from S × [0, t 0 ] t to M such that the metric g is given by
Since the metric in a small neighborhood of γ 0 (t) is given by the warped product type (4.1), for p 1 close enough to p 0 in S, the flow line γ 1 (t), starting from p 1 , will also intersect with S transversely at some
This implies t 1 = t 0 . By running a similar open and closed argument as proof of Proposition 4.1, we know that all the gradient flow line starting form S will meet with the same S at time t 0 . Hence, M is diffeomorphic to S ×[0, t 0 ] and the metric is a warped product one.
Now we only need to consider the remaining case:
• For any connected boundary component S, f | S is not constant. Or equivalently, there is some connected boundary component S such that f | S is not constant. In this case, there is no interior critical point. The global maximum and minimum points are both on the boundary. Recall the notations:
We also denote
Lemma 4.1.
(1) For any p ∈ M, f (p) > 0, the backward gradient flow of ∇f /|∇f | starting from p, will meet M 0 before it arrives at ∂M . For any p ∈ M, f (p) < 0, the forward gradient flow of ∇f /|∇f | starting from p, will meet M 0 before it arrives at ∂M .
(2) For 0 < c 1 < c 2 , the backward flow of ∇f /|∇f | defines an injective map from M c 2 to M c 1 . For 0 > c 1 > c 2 , the forward flow of ∇f /|∇f | defines an injective map from M c 2 to M c 1 .
Proof. We only need to prove (1) and (2) follows from (1) obviously. If p ∈M such that f (p) > 0, then we set f (p) = L sin φ for some φ ∈ (0, π − θ). Let γ(t) be the gradient flow of ∇f /|∇f | starting from p, then f (γ(t)) = L sin(φ + t). When going backwards, if γ(t) meets the boundary before it reaches M 0 at t 0 , then −φ < t 0 < 0 and f (γ(t 0 )) > 0. Therefore,
This leads to a contradiction since ∇f /|∇f | points inward at f (γ(t 0 )) but ν points outward. If p ∈ ∂M, f (p) > 0, then ∇f /|∇f | points outward at p. Hence, when going backwards a bit, γ(t) will become an interior point. By above argument, it will meet M 0 before ∂M .
By Lemma 4.1, for c = ±L sin φ > 0, φ ∈ (0, π − θ) , the backward/forward gradient flow of ∇f /|∇f | defines a map Ψ
Obviously, Ψ 0 c is an injective map. Moreover, since M c is a level set of f , the metric ODE
Therefore, we can view M as a bounded domain in the warped product space ( M , g), where
Moreover, for any 
such that Ψ ± is smooth in the interior and Ψ ± | ∂M 0 = Id. (ii) For any p ∈ M 0 , let φ ± (0) be the absolute value of the height of Ψ −1 ± (p) in the warped product structure (4.2). Then ∂ ± M is given by the graph of φ ± over M 0 . Moreover, φ ± satisfies the equation
such that φ ± > 0 in the interior and φ ± | ∂M 0 = 0. Here∇ is the covariant derivative on (M 0 ,g 0 ).
Proof. First, consider the interior of ∂ ± M and M 0 . Any p ∈ ∂ ± M such that f (p) = c = 0 is on the boundary of M c . Then Ψ ± (p) = Ψ 0 c (p). The regularity of Ψ ± in the interior of ∂ ± M is from the regularity of the boundary and the isometry of Ψ 0 c . Similarly, in the interior of M 0 the smoothness of φ ± comes from the smoothness of its graph. For any p = (x, φ + (x)) ∈ ∂ + M where x ∈ M 0 , the outward unit normal is
If taking (x, φ) coordinates in the warped product space (4. 
So p is an interior point and φ ± is continuous at p by above discussion. Hence, φ ± (p) = 0. This contradicts that p is an interior point. ± (p m ) converges to p. Hence, Ψ ± can be extended continuously to Proof. Suppose φ + ≡ φ − . WLOG, we assume
Then by a direct computation,
At p, we get LHS = 0 but RHS < 0. This contradiction indicates that φ + = φ − .
By Lemma 4.2, φ = φ + = φ − is a transnormal function on M 0 . Therefore the distance between the level sets of φ is given by the function value. Denote
This implies that {N c : 0 ≤ c ≤ π − θ} forms a foliation of M 0 .
Since ∂ ± M is the graph of ±φ in the warped product space ( M , g), by Lemma 4.3, ∂M has a Z 2 -symmetry, and so is M . Proof. Since M is connected and has a Z 2 -symmetry, M 0 must be connected and so are ∂ ± M and ∂M . The fibration structure of M 0 inherits from the fibration structure of ∂ ± M = S ± in Lemma 2.2, since they are diffeomorphic to each other. For ∂M , for any p + ∈ Σ + , there exists a p − ∈ Σ − which is the symmetric point of p + . Then the fibre F + p + of S + → Σ + is symmetric to the fibre
Here F 0 is diffeomorphic to S n−m−2 due to Lemma 2.2; and F + p + and F − p − are the sets of forward/backward flow lines of∇f /|∇f | starting from F 0 . Hence, F + p + ∪ F − p − is a smooth submanifold, which is diffeomorphic to S n−m−1 . This defines a fibration ∂M → Σ 0 with fibre at p 0 ∈ Σ 0 given by
± (p 0 ). For M , define a map Π : M −→ Σ 0 as follows: for any p ∈ M ± , the forward/backward flow line of ∇f /|∇f | sends p to ∂M . Suppose it lies in a fibre of ∂M −→ Σ 0 at p 0 , we define Π(p) = p 0 . Given any p 0 ∈ Σ 0 , the pre-image Π −1 (p 0 ) is the set of flow lines of ∇f /|∇f | which meet ∂M at
Hence, the fibre is diffeomorphic to a disk of dimension n − m.
Proof of Theorem 3:
The proof follows from Propositions 4.1-4.3.
Discussion of equation (1.4) and The Proof of Theorem 4
In this section, we consider that f is a non-constant function satisfying (1.4), which we recall here
We will follow a similar strategy as the discussion of equation (1.1). More precisely, if f is constant on the boundary, then the flow along gradient vector field indicates that the manifold must be a spherical cap. If f is not constant on the boundary, we show there exists a unique interior minimum point. Then the geometry of M follows. We first list several facts whose analogs have been carefully explored in Section 2. So we omit their proofs. Fact 1. Let h be the second fundamental form of ∂M w.r.t. the outward unit normal ν.
There are at most two distinct principal curvatures at each p ∈ ∂M : 0 and −f (p). Moreover, for each connected boundary component S ⊂ ∂M , there exists a non-negative integer m = m(S) such that the principal curvature 0 has multiplicity n − 1 − m and the principal curvature −f has multiplicity m.
Hence, (S,ḡ) is the standard sphere S n−1 . (iii) If for some p ∈ ∂M such that∇f (p) = 0, then e 1 =∇f /|∇f | is a principal direction corresponding to the principal curvature 0.
Fact 2. The integral curves of the gradient vector filed ∇f /|∇f | and∇f /|∇f | are geodesics w.r.t. (M, g) and (∂M,ḡ) respectively.
Fact 3. There exists a constant L > 1 such that
On each connected boundary component S,
It follows that f is an isoparametric function on each S. If further f | S is not constant, i.e. m(S) < n − 1, then f achieves both boundary maximum
Then Σ ± is an m-dimensional submanifold of S and S ± is a disk bundle over Σ ± with each fibre diffeomorphic to a disk of dimension Suppose S is a connected boundary component with m(S) < n − 1. If c = √ L 2 − 1 sin φ with φ ∈ (−π/2, π/2), then S c = {p ∈ S : f (p) = c} is a hypersurface in S with the second fundamental formĥ
w.r.t. the normal vector e 1 =∇f /|∇f |, whereĝ c =ḡ| Sc .
Second, we prove a lemma, which manifests the distinct feature of the non-vanishing Neumann boundary condition. Denote
Lemma 5.1. Here C − consists of a unique point q ∈M and C + = ∅.
Proof. In view of equation (1.4), each point in the set C ± is a non-degenerate critical point, thus isolated. There are only finitely many of them. Take p ∈M \(C + ∪ C − ) such that f (p) = L sin φ for some φ ∈ (−π/2, π/2). Then the geodesic starting from p in the direction of −∇f /|∇f | must pass through a point in C − before it reaches boundary. To see this, denote the geodesic by γ(t), then F = f (γ(t)) satisfies
This implies that F (t) = f (γ(t)) = L sin(φ − t). Suppose γ(t) reaches the boundary at 0 < t 0 < π/2 + φ. Then −π/2 < φ − t 0 < π/2 and hence F (t) = −L cos(φ − t 0 ) < 0. This contradicts the boundary condition ∂f /∂ν = 1. Hence, γ(t) must pass through {f = −L} at time t 1 = π/2 + φ before it reaches the boundary.
Suppose We claim that N i is open for each i. Take p ∈ N i , then there exists a geodesic segment {γ(t) : 0 ≤ t ≤ t 0 } starting from p in the direction of −∇f /|∇f | passing through q i first. Therefore by Lemma 2.3 there exists a neighborhood U of {γ(t) : 0 ≤ t ≤ t 0 } such that g| U is the standard spherical metric. It follows that there exist a neighborhood W ⊂ U of p, such that ∀p ∈ W , the geodesic starting from p in the direction of −∇f /|∇f | will also pass through p i first. Therefore we haveM \C + = i N i as a disjoint union of open sets. It follows that there is only one of such N i , sinceM andM \C + are both connected by the connectedness of M . This means C − consists of a single point, say q − . Next we claim that C + = ∅. If not, we can take q + ∈ C + . Similarly, we know all geodesics starting from q + pass through q − . The metric g restricted on exp q + (B π ) is the standard sphere, which is a closed manifold. This yields a contradiction. So there is no interior maximum.
By Theorem 2 and Theorem 3, (M, g) is a spherical cap.
) is the standard hemisphere S n − . Proof. Still denote by q − the unique global minimum of f . For any geodesic γ V (t) starting from q − with initial direction V ∈ T q − M , we know F (t) = f (γ V (t)) satisfies
Thus F (t) = f (γ V (t)) = −L cos t. Since max M f = max ∂M f = √ L 2 − 1 by Lemma 5.1, we deduce that γ V (t) hits the boundary at time t V < π. Moreover, by the boundary condition, γ V (t) intersects with ∂M transversely. Every point p ∈ M can be parameterized by (V, t) where p = exp q − (tV ). Hence, ∂M is star-shaped with respect to q − and ∂M is diffeomorphic to S n−1 by the transversality. Hence, ∂M = S is connected.
By Lemma 2.3, the metric g is the spherical metric. Hence, there admits an isometric embedding of M into S n . After a rotation, we may assume that q − is mapped to the south pole and f = Lx n+1 . Now let c = L sin φ with φ ∈ (−π/2, π/2). Then M c = {p ∈ M : f (p) = c} are the intersection of M with those latitudinal spheres S n−1 (cos φ), with normal α n = ∇f /|∇f |. If further assume φ ∈ (− arcsin
) and set c = √ L 2 − 1 sin φ for some φ ∈ (−π/2, π/2), then M c intersects S transversely. Obviously, M c ∩ S = S c = ∂M c . Denote the outward unit normal of S c in M c by µ and the second fundamental form w.r.t.µ by k. The following illustration might be helpful.
Let r be the distance function to ∂M . Then we can identify a collar neighborhood of ∂M with ∂M × [0, ) r via the normal exponential map, such that g takes the form g = dr 2 +ḡ(r).
whereḡ is a smooth family of metrics on ∂M . Denote the Taylor expansions of g and f in variable r as follows: where ϕ ∈ C ∞ (R) and ν is the outward unit normal on ∂M . Then the Taylor expansions (6.1) are determined by (ḡ 0 ,f 0 ,f 1 ).
Proof. Nowḡ 0 ,f 0 ,f 1 are given. Choose a local coordinate patch (U : x 1 , ..., x n−1 ) for ∂M . Then near the boundary, (U × [0, ) : x 1 , ..., x n−1 , x n = r) is a local coordinate patch for M . We use α, β, γ, δ, · · · to denote indices ∈ {1, ..., n − 1}. Direct computation shows that the Christoffel symbols for g are as follows: 
where F k ∈ C ∞ (∂M ) is determined byf 0 ,f 1 , · · · ,f k and ϕ(f 0 ), ϕ (f 0 ), · · · , ϕ (k) (f 0 ). In particular
The equations are divided into several groups according to the directions:
(i) ∇ n ∇ n f + ϕ(f )g nn = ∂ 2 r f + ϕ(f ) = 0 implies the ODE for f in variable r: f + ϕ(f ) = 0, f (0) = f 0 , f (0) = f 1 .
Since ϕ is smooth, the ODE has a unique solution determined by initial data f 0 , f 1 . Hence, the Taylor expansion of f is also determined by f 0 , f 1 .
(ii) ∇ α ∇ β f + ϕ(f )g αβ = ∂ α ∂ β f − Γ n αβ ∂ r f − Γ γ αβ ∂ γ f + ϕ(f )g αβ = 0 implies that the k-the coefficient in the Taylor expansion of the left hand side vanishes for all k. Notice that the coefficient of r k in −Γ n αβ ∂ r f is 1 2
and the coefficient of r k in ∂ α ∂ β f − Γ δ αβ ∂ δ f + ϕ(f )g αβ is given by
The right hand side only involvesf 0 , ...,f k ,ḡ 0 , ...,ḡ k and ϕ(f 0 ), ϕ (f 0 ), ..., ϕ (k) (f 0 ). Given ϕ, iff 1 = 0, thenḡ k+1 is determined byf 0 , ...,f k+1 ,ḡ 0 , ...,ḡ k . (iii) ∇ α ∇ n f + ϕ(f )g αn = ∂ α ∂ r f − Γ Theorem 5. For i = 1, 2, 3, let (M i , g i ) be smooth compact manifolds with common boundary, i.e.
(∂M 1 , g 1 | ∂M 1 ) = (∂M 2 , g 2 | ∂M 2 ) = (∂M 3 , g 3 | ∂M 3 ), and let f i ∈ C ∞ (M i ). Given ϕ ∈ C ∞ (R). we further assume f 1 and f 2 satisfy
with common Drichlet and Neumann data:
Then (M 1 , g 1 , f 1 ) can be smoothly glued to (M 3 , g 3 , f 3 ) across the boundary if and only if (M 2 , g 2 , f 2 ) can be smoothly glued to (M 3 , g 3 , f 3 ).
Proof. While gluing two manifolds across the common boundary, we simply take the collar neighborhoods of the boundary in each manifold and geodesic normal defining functions and glue them naturally along the common boundary. Then the regularity of glued metric and function can be read from the asymptotical expansions at the boundary. By Lemma 6.1, (M 1 , g 1 , f 1 ) and (M 2 , g 2 , f 2 ) has the same asymptotical expansions. So if one can be smoothly glued to (M 3 , g 3 , f 3 ), then the same to the other.
Remark 6.2. In both Lemma 6.1 and Theorem 5, we only need the Neumann data to be nonzero on a dense subset of the boundary.
